We study equilibria of a multibody system in the orbit plane within the framework of a model of n + 1 material points connected by n light rods into an n-link chain. The junctions are spherical hinges. The center of mass of the system moves along a circular orbit. The equilibrium equations are reduced to a fairly simple form that enables their analysis. We nd all the equilibria of an n-link chain in the orbit plane and prove that each rod can occupy one of the following three positions: it can be directed along the tangent to the orbit of the center of mass of the chain; it can be a member of a group of adjacent vertical rods, being the center of mass of this group situated on the tangent to the orbit; and, nally, an oblique orientation is possible if the rod joins either two vertical groups of rods or the end of a vertical group with the tangent to the orbit. It is shown that the number of equilibria does not exceed 2 2n . We include the analysis of two examples (three-and four-link chains) and represent the schemes of all the realizable equilibria in these cases.
I. Introduction
O RBITAL dynamics of a system of connected bodies is of great interest due to its numerous possible applications, including orbital stations,robots, tethered systems with multiple payloads,and formation ying. The rst studies on the subject were published in the early 1960s and were followed by much scienti c research and many engineering projects. A large part of this work is dedicated to the behavior of two tethered bodies. However, there exists signi cant interest for multibody systems, inspired by various space programs under development. The study of multibody systems is mainly focused on numerical analysis (see, for instance, Refs. 1-4). Analyticalresearchis mostly restrictedeither to systems with a small number of connected bodies (see Refs. 5-9 for chains with two or three bodies) or to systems with speci c additional conditions (such as the orbiting ring studied in Refs. 10 and 11) .
In this paper, we suggest an analytical study of a system that includes an arbitrary number of satellites joined into an open chain by light rigid rods. We impose no restrictions on the masses of satellites or the lengths of the links. We model the satellites by material points and suppose that the mass of the links is negligible compared with the masses of the satellites. (This approach is used in most analytical studies of tethered systems, such as Refs. 6-9 and 11.) We study equilibrium con gurations of this system in the orbital reference frame.
Some particular cases of this problem were examined previously. The two-member chain (double pendulum) is a particular case of two connected bodies whose in-plane equilibria were studied in Ref. 5 . The model we consider was used 7¡9 to study equilibria of three linked material points. It was shown that there exist only three kinds of in-plane con gurations: both rods directed along the local vertical; both rods aligned with the tangent to the orbit of the center of masses; and one rod vertical while the other is in an oblique position. The in-plane equilibria of a two-link chain were studied, 7 and the principal frequencies of small-amplitude motions about these equilibria were determined. All the spatial equilibria of a double pendulum were found in Ref. 8 . A study of equilibria of a double pendulum in the plane of a circular orbit was performed in Ref. 9 , and stability of all the in-plane con gurations was analyzed.
II. Posing the Problem
Let us considera system of n C 1 material points, A 0 , A 1 , : : : , A n , with respective masses m 0 , m 1 , : : : , m n . These points are connected by n light rigid rods (
The junctions are spherical hinges. The gravitational eld of the Earth is supposed to be central Newtonian. The center of mass of the system O moves along a circular orbit with angular velocity !.
To describe the behavior of this system we use the orbital reference frame O x yz. Its z axis follows the local vertical, the x axis is tangent to the orbit and points in the direction of the velocity of point O, and so the y axis is normal to the plane of the orbit. The orientation of the rod a k D A k ¡ 1 A k is described by the angle Á k between the rod a k and the z axis (Fig. 1) .
The components of the vector
The coordinates of the point A k (k D 1; : : : ; n) in the orbital frame are
where x 0 , y 0 , and z 0 are the coordinates of the rst satellite in the chain A 0 . We denote by x ¤ , y ¤ , and z ¤ the coordinates of the center of mass O of the structure. For this choice of the reference frame,
Then one can determine the position of the point A 0 :
We use the notation
(the total mass of the chain). Thus, the system considered has n degrees of freedom, and Á k (k D 1; : : : ; n) represent the generalized coordinates. The kinetic energy T of the system is Its gravitational potential energy is
where r k is the distance between the point A k and the center of the Earth,
andr O representsthis distance for the centerof mass O of the system (that is, r O is the radius of the orbit). Calculating the function V and taking into account the terms up to the second order of a k =r O , one gets
[We used relation (3) once more.]
III. Equations of Equilibria
Equilibria of the chain correspond to the solutions
of the equations
and rather tedious calculations lead to the following:
Finally we arrive at the following system:
Here z D . 1 ; : : : ; n / T ,
Here b k is the row k of the matrix B.nI m 0 ; : : : ; m n / with the element in row i and column j equal to
The matrix B will be referred to as the mass matrix.
IV. Properties of the Mass Matrix
We now describe some importantpropertiesof the matrix B. They will be our main tool in the analysis of system (16). These properties permit us to identify some elementary equilibrium con gurations and then to describe all possible equilibria using superposition.
In the following analysis, we denote by D J the matrix obtained from B by exclusion of rows and columns with numbers in the set
for the kth column of B without elements with indices from
2 J / T and z J stands for the column z without these elements:
The neighboring rows of this matrix satisfy the relations
where e k D .± k1 ; : : : ; ± kn / designates the kth row of the identity matrix n £ n (± k j is the Kronecker symbol).
Property 2:
For J D fk C 1; : : : ; k C rg; k¸1; k C r · n, the matrix D J coincides with B for the .n ¡ r/-link chain with the masses 
where 
Finally,
which proves equality (22) for an n-link chain. 
V. Equilibrium Con gurations
In this section, we describe all of the possible solutions of system (16) and the corresponding con gurations of a chain with an arbitrary number of satellites. These general results will later be illustrated in Sec. VI by two particular cases: equilibria of a threelink chain with different masses of satellites and lengths of the links (Fig. 2) and equilibria of a four-link chain with equal masses of points and lengths of rods (Figs. 3-6) .
In Eqs. (16), both factors can vanish independently. Thus, to describe all the equilibria we have to study all these possibilities. Equality sin Á k D 0 means that the kth rod is vertical, and so we will study equilibrium con gurations depending on the number of vertical rods and their positions in the chain.
A. Horizontal Con gurations
We start the analysis considering the case when
The equilibriumcon gurations correspondto the solutions of linear system 
The orientationof the kth member correspondsto Á k D §¼=2. Thus, in this case there are 2 n equilibria that exist for any lengths of the rods and masses of the satellites. All of them correspond to positions of the chain with all links pointed along the tangent to the orbit. Examples of such con gurations are provided in Figs. 2a  and 3a .
B. One Vertical Rod
Consider now the case when there is only one number k for which sin Á k D 0. The correspondingrod is parallel to the local ver-
The equations that describe the equilibrium con gurations of the chain are
: : :
This system can be represented as
(Here the kth row is omitted.) Suppose rst that k D 2; : : : ; n ¡ 1. One can notice that it is possible to apply transformation (20) to all the lines of Eq. (32) except the (k ¡ 1/th and (k C 1)th ones, and so this system is equivalent to
Now we use the expressionsfor b i; j to determine k ¡ 1 , k C 1 and the respective angles of orientation of the rods:
The condition of existence of this equilibrium is 
and for k D n one gets
Thus, the equilibrium con gurations in this case are as follows: The rod a k is aligned with the local vertical. The center of mass of the system of two points A k ¡ 1 and A k connected by the rod a k belongs to the x axis. All other rods of the chain except the direct neighbors of a k are also situated on the x axis. (Examples are given by Figs. 2b, 2e, and 4.) Such equilibria exist if the lengths of the rods a k ¡ 1 and a k C 1 (or of one of these rods if k D 1 or n) suf ce to allow this con guration:
Because one can indicate two values of Á k with the same cosine, the number of equilibria of this type does not exceed n ¢ 2 n .
C. One Group of Vertical Rods
Suppose that in system (16) 
Simplifying Eqs. (40), we get
and so
Equalities (41) show that the center of mass of the group of vertical rods should lie on the local horizontal. There are no more than 2 n equilibrium con gurations corresponding to solution (42). One of them exists if the lengths of the rods allow it:
In case the group of vertical rods is located at one of the ends of the chain we get only one equationcorrespondingto the neighboring rod:
for k D 0, and
and so 
which implies that the whole chain is situated on the local vertical. All the 2 n con gurations are possible in this case (see Figs. 2d  and 3b ).
D. Two or More Groups of Vertical Rods
With no loss of generality, let us consider the case of two groups of vertical rods.
Suppose that sin
Along with Eqs. (49), let us study the following two systems: 
.0/ j (53) one arrives at the conclusion that the solution of Eq. (53) (45) and (47) if it is the case]. These rods connect the vertical groups with the rest of the chain that is oriented horizontally.
If
that is, the vertical groups have a common neighbor, its orientation is described by the relation
where k1 C r1 C 1 is given by Eqs. (42) with the substitution k ! k 1 ; r ! r 1 , and k2 is given with the substitutionk ! k 2 ; r ! r 2 .
The only difference with the preceding case is that the common neighbor of the vertical groups should be oriented so as to guarantee that their centers of mass still belong to the local horizontal (see Figs. 2f , 5b, and 6b). Obviously, the same procedure can be applied to study equilibrium con gurations with three or more groups of vertical rods. This type of equilibrium exists if the inclined rods are long enough.
E. Number of Equilibria
The total number of equilibria in the plane of the orbit does not exceed product of the number of possible choices of vertically oriented rods and the number of respective con gurations of the chain:
The exact number of equilibria can be determined by taking into account the lengths of the links and the masses of the points A 0 ; : : :, A n .
VI. Examples
We consider two examples to illustrate the general results obtained in Sec. V. The rst is a three-link chain with different members; the second one is a four-link chain with equal masses of the satellites and lengths of the connecting rods. Equilibria of these structures are schematically represented by Figs. 2-6 . Even in these cases of relatively few links, we have too many con gurations to depict them all, and so we indicate the type of symmetry that permits one to obtain the remaining equilibria. 
A. Three-Link Chain

VII. Conclusions
We study equilibria of a multibody connected system within the framework of the model of an n-link chain. All possible con gurations in the plane of a circular orbit are described. It is shown that each rod of the chain can occupy one of the following positions:
1) It can be directed along the local horizontal O x (tangent to the orbit).
2) It can be a member of a group of k consequent vertical rods and is the center of mass of this group situated on the axis O x.
3) An oblique orientation is possible if the rod joins either two vertical groups of rods or the end of a vertical group with the axis O x.
Each of these con gurationsexists when the lengthsof the oblique rods (if there are any) allow it. The total number of equilibria does not exceed 2 2n . For the particular case of a two-member link the results obtained coincide with those of Refs. 5-9.
